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A model is proposed which attempts to treat seemingly conflicting results obtained recently in experiments 
involving attenuation of transverse acoustic waves by electrons in a number of superconductors. The 
electron-transverse wave interaction is described in the superconducting state immediately below Te by 
turning off the electromagnetic interaction within the Pippard formalism, which treats the normal state. 
There is obtained in this way a model for the residual superconducting attenuation by electrons which con
tains explicitly both the collision-drag and shear-deformation contribution. It is shown that the interaction 
with shear waves in the superconducting state is reduced to a simple form when ql2>l, so that it is possible 
to study the shear-deformation tensor in a rather direct way; the superconducting shear-wave electronic at
tenuation for qlS> 1 is found to reduce to the same form as the corresponding normal-state compressional-
wave attenuation. The model is applied in an examination of general features of experimental data on tin, 
aluminum, gallium, and some transition metals. In application of the model to aluminum, for the case of a 
given propagation orientation, Fermi surface deformation is found to account for roughly 10% of the total 
electronic interaction at low temperatures. Finally, the form obtained for the shear-deformation contribution 
to the residual attenuation is shown to suggest the applicability of the Bardeen, Cooper, Schrieffer (BCS) re
lation to the case of superconducting transverse-wave residual attenuation when qV2> 1. 

I. INTRODUCTION 

A MOD EL is proposed which attempts to treat 
seemingly conflicting results obtained recently in 

experiments involving attenuation of transverse ultra
sonic waves by the "normal" electrons, viz., the excited 
quasiparticles, in a number of superconductors. The 
analysis was motivated by some experimental results 
which we have obtained in superconducting tin,1 and 
the aluminum data of David, van der Laan, and 
Poulis.2 In particular, David and co-workers found 
deviations of their results from free-electron theoretical 
predictions (see later). We felt that these discrepancies 
were attributable to shear-deformation interactions. But 
in order to make a quantitative application of these 
ideas, it became necessary to carry out an analysis which 
takes explicit account of the shear-deformation effect. 
The electron-shear wave interaction is described im
mediately below Tc, the superconducting transition 
temperature, by turning off the electromagnetic inter
action within the Pippard3 formalism, which treats the 
normal state. There is obtained a model for the residual 
superconducting attenuation by electrons which con
tains explicitly both the collision-drag and the shear-
deformation contribution. 

Before proceeding, it will prove helpful to introduce 
briefly the relevant phenomena associated with electron 
interaction of transverse acoustic waves in a supercon
ductor. When the wave number q of the ultrasonic wave 
and the electron mean free path / are sufficiently large, 
viz., when ql~l, interaction with electrons can be the 
dominant source of ultrasonic attenuation in a metal at 

f Present address: Department of Physics and Astronomy, Uni
versity of Maryland, College Park, Maryland. 

1 J. R. Leibowitz, Phys. Rev. 133, A84 (1964). 
2 R. David, H. R. van der Laan, and N. J. Poulis, Physica 29, 

357 (1963). 
3 A. B. Pippard, Proc. Roy. Soc. (London) A257, 165 (1960). 
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low temperatures. This condition is generally attain
able at megacycle frequencies, in very pure metals, in 
the liquid-helium temperature range. When q£2>l, the 
problem, when involving compressional waves, reduces 
to the standard quantum mechanical problem of in
elastic scattering of electrons and phonons under the 
influence of a simple interaction potential.4 A number of 
workers have treated aspects of the more general 
problem,5 involving arbitrary ql and Fermi surface, for 
the case of the normal-state interaction. 

Longitudinal-wave ultrasonic attenuation dominated 
by electron interaction at helium temperatures was first 
observed in 1954.6'7 While it was recognized that the 
rapid attenuation decrease in the superconducting state 
reflected the decreasing normal electron population, it 
was not until the development of the Bardeen, Cooper, 
Schrieffer theory (hereafter, BCS),8 in 1957, that it be
came possible to account for the form of the tempera
ture dependence of the superconducting-state attenua
tion. Thus it was determined from measurement of the 
superconducting attenuation of longitudinal waves in 
tin, by Morse et al.9 in 1957, that the BCS relation 

&si 2 
— = 2 F ( A ) = — (1) 
am e^kT+l 

is rather well satisfied experimentally; asi and anx are 

4 See the review article by R. W. Morse, Progress in Cryogenics 
(Heywood and Company, Ltd., London, 1959), Vol. I. 

6 A. B. Pippard, Phil. Mag. 46, 1104 (1955); also see, for ex
ample, Ref. 3, and R. G. Chambers, in Proceedings of the Seventh 
International Conference on Low Temperature Physics, edited by 
G. M. Graham and A. C. H. Hallett (The University of Toronto 
Press, Toronto, 1961). 

6 H . E. Bommel, Phys. Rev. 96, 220 (1954). 
7 L. MacKinnon, Phys. Rev. 98, 1181, 1210 (1955). 
8 J. Bardeen, L. N. Cooper, and J. R. Schieffer, Phys. Rev. 108, 

1175 (1957). 
9 R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1957). 
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the longitudinal-wave attenuation coefficients in the 
superconducting and normal states, respectively, and F 
is the Fermi function of the temperature-dependent 
superconducting energy gap A. Equation (1) applies 
when the phonon energy ftcc is very small compared with 
the 0°K energy gap A(0), and is restricted in the original 
BCS treatment to the case of longitudinal waves 
satisfying the condition ql> 1. A subsequent generaliza
tion by Tsuneto10 demonstrated that a relation of the 
same form as Eq. (1) should apply for all ql in the case 
of longitudinal-wave attenuation. 

It was soon found11 that the attenuation of transverse 
waves exhibited quite different behavior in the region 
immediately below Tc. As temperature was reduced be
low Tc in polycrystalline indium and tin there was ob
served an initial very sharp drop in the transverse-wave 
superconducting attenuation ast followed by a much 
more gradual decrease with temperature (see Fig. 1). 
Since the temperature range AT corresponding to the 
"rapid-fall" region was very small, i.e., AT/T<Zil, ast 
appeared to decrease almost discontinuously initially; 
a 55% drop was observed with a temperature decrease 
of 0.01°K below Tc, while it decreased only by 4% on 
further cooling through the next 0.02°K. It was also 
observed that the "discontinuity" became somewhat 
smaller with reduction of ql. The residual attenuation 
ar(T), the attenuation remaining below the rapid-fall 
region, was found to satisfy the BCS relation, Eq. (1), 
about as well as did the longitudinal attenuation. These 
observations on transverse waves in tin have been con
firmed by several observers.1,12 

In an effort to improve understanding of the rapid-
fall region Claiborne13 made detailed observations on the 
ultrasonic attenuation of transverse waves near Tc in 
superconducting aluminum. It was determined that the 
decrease in ast just below Tc, although very rapid, was 
not discontinuous, but that the temperature range of the 
rapid-fall region extended to ^0.001^ below Tc; t is the 
reduced temperature T/Tc. It was also shown, us
ing a formalism similar to that of Holstein14 that the 
"collision-drag" effect could account for the presence of 
a residual attenuation. "Collision drag"14,15 refers to the 
tendency of the electron distribution, perturbed by the 
injected lattice wave, to relax to a distribution centered 
not on the zero of velocity but rather on the local par
ticle velocity u associated with the lattice wave. When 
the dissipative interaction associated with collision drag 
was introduced in an ideal free-electron theory, a 

10 T. Tsuneto, Phys. Rev. 121, 402 (1961). 
11 See Ref. 4. 
12 A. R. Mackintosh, in Proceedings of the Seventh International 

Conference on Low Temperature Physics, edited by G. M. Graham 
and A. C. H. Hallett (The University of Toronto Press, Toronto, 
1961). 

13 L. T. Claiborne, Ph.D. thesis, Brown University, 1961 
(unpublished); R. W. Morse, IBM J. Res. Develop. 6, 58 (1962). 

14T. Holstein, Research Memo 60-94698-3-M17, Westing-
house Research Laboratories, Pittsburgh, Pennsylvania, 1956 
(unpublished). 

15 T. Holstein, Phys. Rev. 113, 479 (1959). 
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FIG. 1. Schematic representation of shear-wave electronic 
attenuation at versus temperature T. 

frequency-dependent residual attenuation was found. 
Thus, defining an as the total residual attenuation (see 
Fig. 1), Claiborne and Morse concluded that 

where 

2(gJ)»l ql 

ctR = gant 

(qiy+1 
arctan(#/) — 1 

(2) 

(3) 

g is identical with the parameter which appears in 
Pippard's5 free-electron treatment of the transverse-
wave normal-state attenuation ant in which theory 

ant=Kt(l-g)/gl, (4) 

where K is a constant for a given metal. Further, on the 
assumption that the BCS temperature dependence for 
the compressional-wave absorption coefficient [see Eq. 
(1)] could be applied here, it was predicted that 

ar(Ti)/ant=gX2FZA(Ti)2, (20 
for temperatures lying within the residual attenuation 
region; ar(Ti) refers to the residual attenuation re
maining at temperature TV 

II. RECENT EXPERIMENTS 
ANOMALIES 

APPARENT 

Until fairly recently there had been observed no 
qualitative exception to the original observations on 
electron interaction with transverse ultrasonic waves 
in superconductors, viz., the appearance of the two 
rather distinct regions described earlier, in the tempera
ture dependence of the attenuation below Tc. In some 
recent experiments, however, there have been recorded 
a number of instances for which no clear separation into 
"rapid-fall" and "residual" attenuation regions could 
be made; and in others, though such a separation was 
possible, apparent behavioral discrepancies among the 
several experimental cases examined pointed up the 
need for a better understanding of the physical mecha-
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nisms governing the separation into the two regions ob
served in the superconducting state. 

Among these results are the recent data on shear-wave 
electronic attenuation in some of the superconducting 
transition elements. Levy, Kagiwada, and Rudnick16 

failed to see a sharp fall-off region near Tc in vanadium 
and niobium single crystals. Measurements were made 
in the frequency range 75 to 225 Mc/sec on samples 
estimated to have resistance ratios, p300°K/p4.2°K, of 
approximately 8 and 150 for Nb and V, respectively; it 
was determined that ql<£\ in those measurements. 
Similarly, in shear-wave measurements on niobium by 
Dobbs (private communication) no sharp fall-off region 
was found. Although the resistivity ratio of the niobium 
(approximately 500) in the measurements of Dobbs was 
considerably higher than in the above mentioned case, 
it was estimated that the condition ql< 1 was still 
applicable in these experiments. 

At the same time it is necessary to recall the results of 
Hart and Roberts,17 on high-purity gallium single 
crystals. In contrast to the data cited above for vana
dium and niobium, qfe>l in the measurements on 
gallium, Hart and Roberts estimated ql> 100 for all 
frequencies used in the measurements. For most orien
tations of the lattice wave relative to the gallium crystal 
axes there were observed distinct regions of rapid fall 
and residual attenuation, of comparable magnitude. 
Yet Eqs. (2) and (3) predict that a.R/ant~0 for such 
large values of ql. 

In addition to the experimental evidence related to 
the presence or absence of a rapid-fall region in the 
shear-wave electronic attenuation in superconductors, 
it is necessary also to cite, for those cases in which both 
regions do occur, recent observations on the relative 
magnitude of the residual-attenuation and rapid-fall 
region, and the parameters which have been observed 
to affect them. I t was noted in Sec. I that the earli
est observations on the temperature dependence of 
transverse-wave attenuation, in polycrystalline indium 
and tin, indicated that the relative magnitude of the 
residual-attenuation and rapid-fall regions was de
pendent on frequency. I t was also pointed out that, in 
examining this frequency effect in aluminum, Claiborne 
and Morse determined that the presence of a residual 
attenuation ar(T) and the frequency dependence of 
civ/ant were assignable to the collision-drag interaction 
between the electron and lattice-wave systems. The 
later measurements by Hart and Roberts in gallium, 
cited above, indicated that there was no frequency de
pendence of the relative magnitudes of attenuation in 
the two regions; the ratio ar(T)/ant showed no de
pendence on frequency, even though frequency ranged 
from roughly 10 to 300 Mc/sec. 

16 M. Levy, R. Kagiwada, and I. Rudnick, in Proceedings of the 
Eighth International Conference on Low Temperature Physics, 
edited by R. O. Davies (Butterworths Scientific Publications, 
Inc., Washington, D. C , 1963). 

17 H. R. Hart, Jr., and B. W. Roberts, Bull. Am. Phys. Soc. 7, 
175 (1962). 

Further, in a recent experimental study of aluminum 
by David et at.,2 the results were found to be in conflict 
with the description embodied in Eq. (2): Although the 
residual attenuation did depend on frequency, the de
pendence appeared to deviate significantly from the 
predictions of Eq. (2). And in an experimental study of 
the transverse wave electronic attenuation in super
conducting tin,1 we found evidence to suggest that a 
frequency-independent term, large in the case of tin, 
must be included (in addition to that identified with 
collision drag) in order to adequately describe ar{T)/ant-
Further discussion of this matter is deferred to a later 
section. 

In summary, then, the experimental evidence has 
provided the following picture for the absorption of 
transverse acoustic waves by the excited quasiparticles 
in a number of superconductors. Although a rapid-fall 
region immediately below Tc is characteristic of the 
transverse-wave attenuation, it may not occur in par
ticular instances. In the transition metal results, for 
which ql< 1 thus far, ast/oint is not separable into dis
tinct rapid-fall and residual-attenuation regions. This 
result may be understood on the reasoning represented 
by Eqs. (2) and (3). However, although it would appear 
from Eq. (2) to be required that the relative elec
tronic attenuation associated with the residual region 
be frequency-dependent, a large but frequency inde
pendent an/ant was observed by Hart and Roberts in 
gallium. And finally, David et at. suggest that Eq. (2) 
gives an incorrect account of the observed ql dependence 
of ar(T)/ant in aluminum. 

I t has been recognized that the "rapid-fall" behavior 
in the shear-wave attenuation immediately below Tc is 
attributable to Meissner effect,18 and that collision-drag 
and shear-deformation effects can make contributions 
to the total observed electronic attenuation. However, 
the predictions embodied in Eq. (2) are based on an 
ideal free-electron treatment, and therefore necessarily 
omit the effects associated with shear deformation of 
the Fermi surface. In order to treat the experimental re
sults summarized above it is necessary to describe both 
collision-drag and shear-deformation effect simulta
neously in a consistent manner; the relative importance 
of these effects depends on properties associated with a 
given Fermi surface (see later), and, in a given metal, on 
the observed ql range. That the shear-deformation in
teraction can be most significant was seen in a study of 
superconducting shear-wave attenuation in tin.1 

III. THE SHEAR-WAVE INTERACTION 

A. The Pippard Theory for the Normal State 

In order to examine the phenomena noted in the fore
going discussion it is necessary to treat the problem of 

18 See, for example, the review by J. Bardeen and J. R. Schrieffer, 
in Progress in Low Temperature Physics, edited by C. J. Gorter 
(North-Holland Publishing Company, Amsterdam, 1961), Vol. 
Ill , p. 170. 
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the interaction of an arbitrary Fermi surface with 
transverse acoustic waves. The temperature region of 
interest is in the immediate vicinity of Tc, the super
conducting transition temperature. I t is of interest, for 
this case, to consider the Pippard theory19 for normal -
state attenuation of acoustic waves by an arbitrary 
Fermi surface. A model for the transverse-wave inter
action with an arbitrary Fermi surface in the su
perconducting state at Tc is obtained by turning off 
the electromagnetic interaction within the Pippard 
formalism. 

The interactions between the lattice and the electrons 
associated with passage of a lattice wave are considered 
in the Pippard theory20 for the normal-state attenua
tion, from the point of view of a reference frame fixed in 
the lattice. Transformation to this noninertial frame 
involves the appearance of fictitious forces arising from 
two separable mechanisms. The first, the so-called 
"relative-velocity effect," is associated with the appar
ent change in k of a given electron as measured by ob
servers at rest in the lattice but located at different 
points along the trajectory of an electron, and hence 
making their observations at different times. The shift
ing lattice is responsible for an apparent change of 
propagation vector k of an electron, and thus causes it 
to be subjected to a fictitious force 7r;(1). The com
ponent along the path of the electron, ira) — Tnil)ni 
where ni is the component of unit vector n along the 
path, would, for the case of uniform strain, represent the 
force causing the electron to leave the Fermi surface. 

An additional fictitious force w2 arises when the strain 
is nonuniform and time varying. When gradients of 
strain are present, the Fermi surface itself changes in 
shape. Under equilibrium conditions, viz., static strain, 
an electron can of course remain on the Fermi surface. 
But when the lattice strain is time varying, an additional 
fictitious force appears which acts to make an electron 
leave the Fermi surface, since the shape of the Fermi 
surface is changing as the electron moves from point to 
point in k space. The change in shape of the Fermi sur
face under lattice strain may be described by a deforma
tion parameter Ky, defined by the relation 

Akn-Kijcbij; (5) 

Uij—dZj/dXi denotes the state of strain, £,- being the 
particle displacement and Xi, translation along the 
propagation direction. Akn is the normal displacement 
of the Fermi surface associated with the deformation, 
determined at each point of the Fermi surface by the 
deformation parameter Kij. Deformations are small and 
related linearly to changes in the Fermi surface. The two 
fictitious forces, acting normal to the Fermi surface, 
viz., parallel to the motion of the electron, are found to 

19 A. B, Pippard, in The Fermi Surface, edited by W. A. Harrison 
and M. B. Webb (John Wiley & Sons, Inc., New York, 1960); 
Proc. Roy. Soc. (London) A257, 165 (1960); also see Ref. 3. 

20 In interest of clarity, relevant arguments from Refs. 3, 19 are 
presented in very brief outline. The notation is preserved. 

be given by 
7T ( i ) « ihmqtUjkj, (6) 

and 
7T(2) = ifiqiKijMj] (7) 

Uj= |y, the particle velocity; qi is the propagation vector 
of the lattice wave. 
The resultant force ir' is then 

T T ^ 7rd)+7r(2) = iHq-u-Dij, (8) 
where 

The force x ' tends to cause electrons to leave the Fermi 
surface and hence set up a net current, which, from the 
point of view of an observer fixed in the lattice, is purely 
electronic. 

However, for the frequencies of interest in the present 
considerations, viz., below frequencies of the order of 
1000 Mc/sec, no net current can flow: No space charge 
can be established at frequencies below the plasma fre
quency range; and, as for transverse currents, although 
the condition is less stringent, the assumption of zero 
current is a good one in ordinary metals (Fermi veloci
ties ^ 1 0 8 cm/sec) below acoustic frequencies of the 
order of 1000 Mc/sec. Hence it is necessary that an elec
tric field E be set up such that there is no net electronic 
current relative to the lattice; under the combined in
fluence of 7r' and E a current quasibalance condition is 
established. Pippard assumes a relaxation time to 
exist at all points, and, from calculation of the rate of 
dissipation of excess energy of the displaced electron 
assembly, obtains for the normal-state attenuation of 
the acoustic wave by the electron system 

hq f r <£>2adS e2 } 
a = = / 1 piflilA; 

4T*MVS[J l + ( a ) 2 c o s V 4 T T % J 
(9) 

f / SDa cos<£> \ 
/.•= qlil )dS. 

J \ l + ( a ) 2 c o s W 

M is the density of the metal, and vs is the sound 
velocity; (p is the angle between v and q, v being the 
Fermi velocity; h is the vector mean free path; and 
£)=D'(u /w) , the component of D in the particle-
velocity direction of the acoustic wave. Finally, the 
parameter p#* is the resistivity tensor of the periodic 
electric field associated with the acoustic wave, char
acterized by wave number q. In Eq. (9) the product ql 
has been represented by the symbol a. 

B. A Model for the Superconducting 
Shear-Wave Interaction 

In Fig. 1 are represented some of the parameters which 
will prove useful. The regions of interest and the relevant 
parameters may be distinguished to a sufficient degree 
of precision as follows. The attenuation coefficient a\ 
represents the nonelectronic attenuation, which is 
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temperature independent in the liquid-helium region.21 

The difference a3—«i, the total (or normal-state) elec
tronic attenuation at temperature Tc, the supercon
ducting critical temperature, is represented by an(Tc). 
The region of interesction of the rapid-fall and residual-
attenuation zones, labeled (I) and (II), respectively, is 
indicated by attenuation coefficient a2 and temperature 
TR. The attenuation change represented by 0:2—0:1 is 
the total residual attenuation OLR, the maximum elec
tronic attenuation occurring in region (II); and ar(T\-) 
represents the residual electronic attenuation remaining 
at temperature T\. Thus, aR — ar(Tii). Finally, CLE is that 
portion of the electronic attenuation associated with 
region (I). For convenience in displaying the two re
gions, the separation TC~TR, i.e., the "width" of 
region (I), has been greatly exaggerated in the figure. 
From experiment and theory4 >10>12>13 the separation is 
found to be given by (TC-TR)/TC^0.001. For the 
purposes of the following discussion, allowing TR and 
Tc to coincide and letting the attenuation in region (I) 
fall discontinuously from a3 to 0:2, will prove to be a use
ful simplification which has no effect on the results.22 

Thus, the superconducting-to-normal attenuation ratio 
is given as follows: 

Cist OLr 
—(2\)«--(7\), o<r,<rc, (io) 
Oint OLnt 

and 
OLs CLE OLR 

— ( r e ) = — + — = 1 . (li) 
dnt Oint ant 

I t will be shown for the general case of real Fermi 
surfaces that o>R/ant and oiE/ant have the following 
properties: 

(1) an/ant goes to 1 when a becomes much smaller 
than 1. Thus, by definition as/ant goes to zero. (Recall 
that a=ql.) 

(2) As a increases aii/ant becomes reduced in magni
tude, until for £2>1, aR/ant approaches a constant 
value , OLD/CLM-

(3) OLD is related in a rather simple way to the shear 
deformation parameter Kxy. Thus, 

fiq r 
aD~ <* RKxvH\l/, 

4:7T2MVS J 

where R is the product of the principal radii of curva
ture and the integral is taken about the so-called 
"effective zones," which will be described presently. 

(4) If the free-electron limit is taken, it is found that 
dR/oLnt reduces to g, in agreement with the free-electron 
model of Morse and Claiborne, 

21 See, for example, Ref. 4. 
22 Even on the assumption of a BCS temperature dependence, 

which is very sharp near TC) the approximation results in an 
error ^ 1 % in determination of <xnj<xn since (TQ— TR)/TQ~0.001. 

The electromagnetic interaction. At the time of the 
first observations by Morse et al} of a rapid-fall region 
in the superconducting shear-wave electronic attenua
tion it was suggested that the rapid attenuation change 
near Tc must be associated with a "shorting out" of the 
local electric fields by the superconducting electrons. I t 
is of interest for present purposes to consider here the 
peculiar sensitivity of the transverse wave interaction, 
relative to the longitudinal wave one, to the onset of the 
superconducting state. The passage of the injected 
lattice wave through the specimen is associated with a 
spatial and temporal modulation of lattice points. 
Assuming a sinusoidal modulation, the particle velocity 
u will have a wave-like dependence of the form 
exp[i(qx—a)t)~]. We assume either pure longitudinal or 
pure transverse waves. The associated local electric 
fields, arising as a consequence of the separation of ionic 
cores from their electronic environment, give rise to a 
compensating motion of the electrons in the field. At 
ultrasonic frequencies so far employed in practice it has 
been shown14,19 that a quasibalance condition is imposed 
on the net ionic and electronic current j . I t is, however, 
important to note a distinction between the longitudinal 
and transverse interactions. In the former case the elec
tric field arises as a consequence of the density modula
tion of the lattice points; the charge imbalance, arising 
from the incomplete following (by electrons) of the time-
varying displacement of ionic cores, is associated di
rectly with the local electric fields. In the transverse-
wave case there is assumed no density modulation for 
small particle displacements, the polarization now being 
transverse to the propagation vector, and the local elec
tric field is generated by induction. But due to the 
Meissner effect the electric field is effectively extin
guished in the superconducting state, at all tempera
tures except in the immediate vicinity of Tc. Since the 
ultrasonic wavelengths X generally lie in the range 
10_2-10~3 cm, it is clear that as soon as the range of B 
is reduced well below the order of 10~3 cm the electro
magnetic interaction will be effectively shut off. One 
way of evaluating the stringency of this condition 
qualitatively is to examine it in light of the tempera
ture dependence of the penetration depth 5 in a super
conductor. This may be expressed roughly, in terms of 
the London theory,23 as 

5(0 = 5(0)(1- / 4 )" 1 / 2 , 

where, typically, 5(0)~ 10~6 cm. Cooling from t—\ to 
2 = 0.999 corresponds to a reduction of h from cc at Tc to 
approximately 10~5 cm. Thus, at a temperature 0.001 t 
below Tc the condition <5«\ has already been attained, 
and electromagnetic interaction has become negligible. 

Consider the manner in which the "real" electro
magnetic force enters in the Pippard theory for the 
normal-state attenuation of acoustic waves by an arbi-

23 F. London,'"Superfluids (John Wiley & Sons, Inc., New York, 
1954), Vol. I, 
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trary Fermi surface. The net fictitious force w' gives rise 
to an electronic current / , when viewed from the frame 
fixed in the lattice. To satisfy the current quasibalance 
condition a self-consistent electric field E is generated 
such that the sum of real and fictitious forces (eE and 
7r', respectively) results in zero net current. Given a 
force 7r, real or fictitious, the corresponding current is,19 

in absence of a magnetic field, 

J = 
4 T T 3 ^ Sri 

wUS 
(12) 

id COS<p 

where icor has been neglected in the denominator since 
it is generally much less than 1; a)T = a(Vs/V)> and 
Vs/V~ 1(T2 to 10-3 in a metal. 

Since it is the current J given by substituting T' in 
Eq. (12) which must be neutralized, the electric field re
quired to establish current balance is 

ie r ( D»u \ 
Ej= p . . / aJ \dS, (13) 

47T3 J \1 — iacos<p/ 

where ai=ql%. Since Ep, the electric field component 
parallel to the electronic motion, is E - a / a and the cur
rent vector represented in the last equation is Ji, 
Eq. (13) may be rewritten 

a,j e r /D«uacos<£>\ 
Ep = Ej—= pijdj / a A jdS. (13;) 

Since the corresponding force is eEp, the total force x 
on an electron parallel to its motion, viz., normal to the 
Fermi surface, is 

Tr = ir'+eEp. 
Thus 

e2 r /D«uacos<£\ 
7r=iqhD • u-\ —Pijdj J di[ jdS. (14) 

47r3a 1+a 2 cosV> 

From this net force, the corresponding displacement of 
the Fermi surface may be calculated. The attenuation 
associated with relaxation of the displaced Fermi sur
face has already been given in Eq. (9). 

The second term of Eq. (14) is to be associated with 
the second term of Eq. (9); they arise from the introduc
tion of a real electric field, the magnitude of which is 
determined on the assumption of a current quasibalance 
condition. I t has been noted, however, that when this 
electric field is associated with transverse phonons, it 
cannot be supported in a superconductor at tempera
tures below the immediate region of Tc: the Meissner 
effect results in a strong screening of the transverse 
electric fields. Thus, over almost the entire supercon
ducting region real electric fields are screened, and the 
current associated with the fictitious force -K' is not 
compensated. The force, given by Eq. (14) reduces to 

and the corresponding expression for the attenuation 
[recall Eq. (9)] becomes 

hq <£>2qldS 

^TTZMVSJ l+(g/)2COsV 

At temperature TR, then, which may now be defined as 
that temperature (below Tc) below which the electro
magnetic interaction is negligible, the corresponding 
attenuation is GLR. Recalling that TR/TC~0.999, we 
may write 

OIR(TC)' 

hq 

•I 
®2qldS 

4:TT*MVSJ l+(ql)2cos2<p 
(15) 

What has been done, then, is to turn off electro
magnetic interaction in order to describe the electron-
shear-wave interaction in the superconducting state at 
Tc. When the attenuation term corresponding to the 
electromagnetic force in the Pippard treatment is identi
fied and removed, there remains the contribution cor
responding to the so-called residudl superconducting 
attenuation ajj, which contains both the collision-drag 
and shear-deformation interactions. (Recall Ref. 22.) 

The collision-drdg contribution. In the free-electron 
treatment of Claiborne and Morse13 it was found that, 
for transverse waves in an ideal free-electron metal, 
the total residual attenuation a# is given by Eq. (2). 
I t is of interest to attempt to apply the present con
siderations, which treat the more general case of an 
arbitrary Fermi surface, to that problem. We have 
asserted that the electromagnetic interaction is effec
tively shut off by Meissner effect below TR with the re
sult that the residual attenuation must be expressed by 
Eq. (15). Thus, at Tc, we assert that the relative residual 
attenuation for transverse phonons is approximately 

OiR 

OLnt 

®2ddS 

l+#2 cosV 

£)# cos</? 

£>2ddS 

+ ,l+#2cos2<£ £w*hq 

2)a cos<p 

~Ptiy 

r / £)acos</9 \ r( 3)acos<p \ ~| 
X / qlA )dS / jqljdS . (16) 

J Vl + a 2 c o s W ; \ l + a 2 c o s 2 ^ / J 

Recalling that 3D=D-u/w, the deformation parameter 
3D for the case of pure shear is given by 

S)=Kxy-)rky cos <p 

if the particle velocity is taken to be along the y axis. In 
the ideal free-electron metal Kxy—0 and £)—kycos(p. 
The angles introduced in writing the surface element dS 
are defined in Fig. 2. Note that, as before, x is the propa
gation direction and y is the polarization direction for 
pure shear. To evaluate the integral for the free-electron 
case, the following identifications may therefore be 
made: (1) Kxy~0, (2) ky~k sin<£> cos^, with k a con
stant, and (3) c£>=kyco§<p. The attenuation ratio be-



A 28 R . L E I B O W I T Z 

FIG. 2. Orientation of Fermi velocity V relative 
relative to coordinate axes. 

comes, in the free-electron limit, 

where 

and 

/OCR 

\cXnt 

P^afr 

Q = ak2 

1 + 
" kJ Q 

sinV cos2 (pd(p 

1+a 2 cosV 

s i n ' V ^ 
1+fl2 cosV Jo 

(17) 

co$2\pd\p 

cos2\f/d\p; 

the prime is used to signify that an/am in Eq. (17) refers 
to the free-electron case. Thus 

\ant/ L \Jo 

' sin3 <p cos2 ipd(p 

1+a 2 cosV 

/ rT sm6<pd<p \~| 

\Jo \+a2 cosV ' J 

Equation (18) reduces (see Appendix I) to 

(as/ant)'^g, 

(18) 

(19) 

where the parameter g is defined in Eq. (3). In the same 
free-electron limit, of course, from Eqs. (11) and (19), 

aE/an=l — g. (20) 

Thus we find, by turning off the electromagnetic inter
action and taking the problem to the free-electron limit, 
that the result, Eq. (19), is identical to that derived in 
the ideal free-electron case by Clairborne and Morse13 

for the residual superconducting shear-wave attenua
tion, attributable to collision drag. I t is to be noted that, 
from the point of view of the frame fixed in the lattice, 
it is the fictitious force 7T1, corresponding to the "rela
tive-velocity effect," which is responsible for the 
presence of a residual attenuation in the ideal, free-
electron case. 

The shear-deformation interaction. We return now to 
the general case of the arbitrary Fermi surface. The de
formation parameter Kxy is no longer zero, and the de
formation contribution to Eq. (15) which we shall de
fine as az)(rc) is 

CLD{TC)~-

nq 

4:7TSMvt / 

aKxy(Kxy+2ky cos<p)dS 

\-\-a2 cosV 
(21) 

As a becomes large the integral contributes significantly 
to OLD only for portions of the Fermi surface which cor
respond to "effective zones," viz., only where <p~-§7r. 
I t is seen from Fig. 2 that on the effective zones the 
Fermi surface is tangent to the phonon propagation 
vector q. Since the Fermi velocity v in a typical metal is 
much greater than that of the acoustic wave (V/Vs 

~ 1 0 2 to 103), the effective zones represent the portions 
of the Fermi surface where electrons can interact 
strongly since they move essentially in phase with the 
acoustic wave for relatively long times. Since 8 = \ir— <p 
(see Fig. 2), an(Tc) becomes, for dC$>l, 

aD(Tc)~ — 
fiq 

4:7TZMVS 

RKxy
2ad8diP 

l+a252 

R is the product of the principal radii of curvature and 
Kxy(\p) is evaluated on the effective zone, where <^~ Jx 
or 5~0. The integration over b yields the factor — w. 
Thus, for a » l , 

aD(Tc)' 
nq 

4w2Mvi f RKJty. (22) 

Hence, in the range ql5>\ the deformation part an of 
the residual attenuation OLR is determined by electron-
phonon interaction confined to the effective zones. 

In contrast, the collision-drag part of the attenuation, 
obtained from Eq. (15) by letting Kxy = 0, is 

ac~ aR(Tcy = -
fiq aky

2 cos2cpdS 

4TSMV, /

aky
z c 

1+a 
(23) 

And it is clear that for a^>l, in contrast to the case for 
OD, almost the entire Fermi surface contributes. Thus, 
for<£$>l, 

h r ky
2 

ac~ / — d S . (24) 
4TTWI>S J I 

In fact since the element dS contains sin<p as a factor, 
there is no contribution to ac on the effective zone itself. 
Thus, the residual attenuation of transverse acoustic 
waves by excited quasiparticles is separable into a 
collision-drag and a shear-deformation contribution; 
for flOM, the region of the Fermi surface which con
tributes to OLD is confined to the effective zones, while 
the remainder of the surface determines ac. 

file:///cXnt
file:///-/-a2
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"Frequency separation11 of shear deformation and col
lision drag. I t is clear from the foregoing discussion that 
OLD and ac may be separated experimentally by means of 
measurements on the frequency dependence of phonon 
absorption in the superconducting state. The normal-
state transverse-wave absorption ant is proportional to 
phonon frequency when a^>l, even for the case of an 
arbitrary Fermi surface, since Eq. (9) reduces (for pure 
shear waves) in that limit to19 

iiq 
OLnl' 

4:ir2Mvs 

£RKXV *# 

l [ / o t t tan<£ cos^dS 

" f R 

• (25) 

I t is seen from Eqs. (24) and (25), that ac(Tc)/ant is a 
monotone-decreasing function of frequency of the 
acoustic wave, while [see Eq. (22)] aD(Tc)/ant is in
dependent of ql. Since aD+ac=aR, measurements of 
ocR/dnt versus ql in the superconducting state can ex
tract the ^/-independent deformation contributions, 
represented by Eq. (22). Thus, from measurements of 
the residual attenuation in the superconducting state, 
the absorption can be related to the deformation param
eter on effective zones. By taking advantage of the 
cancellation of the electromagnetic interaction in the 
superconducting state it is thus possible to extract con
ditions for which measurements of electronic attenua
tion of transverse acoustic waves are connected in a 
relatively direct way to the shear deformation proper
ties of the Fermi surface. In the case of the normal-state 
attenuation only the longitudinal attenuation coeffi
cient ani can be reduced to such a form; ant [see Eq. 
(25)] is determined by contributions from the whole 
Fermi surface, even in the limit a » l . 

I t is important to recognize the following property19 

of shear-deformation contributions on effective zones: 
There are no contributions to Eq. (22) from effective 
zones which lie on planes of reflection symmetry for the 
Fermi surface since £>=0 in such regions. Thus, for 
example, an = 0 in the case of the spherical Fermi surface 
of an ideal free-electron metal. In real cases, however, 
Fermi surfaces are more complex and there is reasonable 
probability of finding effective zones which do not 
satisfy reflection symmetry. Shear deformation is thus 
expected in general to contribute to the total electron-
phonon interaction. This is expected to be especially 
true in superconductors, which are usually polyvalent 
and have Fermi surfaces that are large relative to the 
Brillouin zone. In the superconducting state the shear 
deformation contribution over effective zones becomes 
the only source of electronic attenuation when a is 
large. 

IV. APPLICATION TO EXPERIMENTAL RESULTS 

Experimental studies of electronic attenuation of 
acoustic waves by electrons (especially for the H = 0 
case) have generally been evaluated from the point of 
view of the ideal free-electron case, for which Kxy=0 
everywhere on the Fermi surface and only components 
of the form Kifiij are associated with absorption. I t has 
been noted, however, that, for effective zones not 
associated with planes of mirror symmetry of the 
Fermi surface, shear deformation does contribute. Thus 
it is of interest to examine the experimental evidence 
for shear-deformation contributions; and to consider 
the possibilities for investigating shear-deformation 
effects from measurements in the superconducting state, 
using the methods developed in the foregoing analysis. 

Tin. In a preliminary investigation of shear-deforma
tion effects by the present author in superconducting 
tin1 it became quite clear that relatively large values of 
OD contribute to the shear-wave attenuation. The meas
ured values of aR/ant were not describable in terms of 
the ideal free-electron prediction represented by Eq. (2), 
and it was proposed that a ^/-independent term, large 
for the case of tin, was also required. I t was concluded 
that in superconducting tin electron-phonon interaction 
associated with shear deformation of the Fermi surface 
contributes significantly to the observed ultrasonic 
attenuation, and that the effect of collision drag on the 
residual shear-wave superconducting attenuation is 
inadequate alone to account for the observations in tin. 

Large values of aD/ant are to be expected in tin. The 
free-electron sphere in k space completely encloses the 
first Brillouin zone, and intersects Brillouin zone faces 
to the sixth zone.24 Deformation contributions to the 
absorption of the acoustic wave are favored near regions 
of intersection with the Brillouin zone boundaries due to 
the low Fermi velocities which occur there. At the same 
time the condition 5 = 0, defining the effective zones, is 
often satisfied only on a central section and certain of 
the regions of intersection with the Brillouin zone 
boundaries. A specific illustration is treated below for 
the case of aluminum. Although effective zones satisfy
ing mirror symmetry do not contribute to the shear-
wave attenuation, it may be assumed for a Fermi sur
face such as that of tin that, for a given propagation 
direction, there are likely also to be found effective zones 
which do not obey the symmetry condition. The Fermi 
surface of tin is so complex and poorly understood at 
present that it is perhaps not fruitful to attempt even a 
qualitative identification of shear deformation con
tributions with portions of the Fermi surface. This may 
not be the case for aluminum, however. 

Aluminum. David et al.2 repeated the shear-wave 
superconducting attenuation experiments of Claiborne 
discussed in Chap. I, comparing their data against Eq. 
(2). Since (Tc~TR)/Tc^0.00Uy the approximation22 

2 F [ A ( r * ) ] = l , implicit in Eq. (20, is valid to within 
24 A. V. Gold and M. G. Priestley, Phil. Mag. 5, 1089 (1960). 
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FIG. 3. ql dependence of the 
function g and au/ant data on 
aluminum [after David et <d., 
(Ref. 2) slightly modified]. 

approximately 1%. In Fig. 3, after David et al.,2 both 
g and the experimentally determined aR/ant values are 
plotted against ql. The data given by the "circles" are 
represented in terms of ql rather than frequency by 
assuming an effective electron mean free path, I, of 
0.024 cm; it was determined that ql~ 1 at a frequency 
of 2.2 Mc/sec, the ultrasonic velocity being 3.3X105 

cm/sec. I t is clear that Eq. (2) is not satisfied. The data 
represented by "triangles" also were included to demon
strate that halving the mean free path leads to even 
poorer agreement. David et al. concluded that agree
ment with the theory as represented by Eqs. (2) and 
(20 is poor. 

The disagreement between experiment and theory 
represented in Fig. 3 can be readily understood in terms 
of the analysis presented in Sec. I I IB . In Eqs. (22), (24), 
and (25) it was seen that in the limit ql^>l only the 
collision-drag contribution ac/ant reduces to zero, while 
an/ant becomes a constant independent of ql. I t is to be 
noted in Fig. 3 that the divergence of the data points 
from the g{ql) curve becomes greater at large ql values. 

The expression for an/ant applicable to real Fermi 
surfaces and arbitrary ql depends on 3D in a rather com
plicated way [see Eq. (16)]. In order to apply the re
sults of the more general model to the aluminum data 
of David et al. (see Fig. 3) over the range of ql values, 
it is therefore necessary to make a simplifying assump
tion. Claiborne and Morse, in treating their aluminum 
data, assumed an ideal free-electron model, obtained 
Eq. (2), and found reasonable agreement with experi
ment. The data of David et al. perhaps because the ql 
range covered is somewhat greater, find deviations. 
From theory and experiment25"27 the aluminum Fermi 
surface is expected not to deviate greatly from an ideal 
free-electron sphere. Hence, guided by the results of 
the general model given in Sec. (IIIB), we take as the 
next level of approximation 

an/ant~cg-\-d. (26) 
26 See, for example. W. A. Harrison, Phys. Rev. 118, 1182 

(1960). 
26 B. W. Roberts, Phys. Rev. 119, 1889 (1960). 
27 G. N. Kamm and H. V. Bohm, Phys. Rev. 131, 111 (1963). 

The parameter d represents an essentially ^/-inde
pendent deformation term, and eg is the collision-drag 
term; c is a weighting coefficient which guarantees the 
condition 

c+d=l. (27) 

Thus, the limiting requirements imposed by the general 
model are satisfied: an/ant goes to 1 as ql goes to zero; 
in the limit of large ql, an/ant reduces to a ^/-independent 
deformation term; and the ql dependence of collision 
drag is represented by g—which, as was shown in the 
discussion preceding Eq. (17), is strictly correct only in 
the free-electron limit. 

In Fig. 4 (after David et al.2) the ant data corre
sponding to the circled points in Fig. 3 are shown as a 
function of frequency. The solid curve represents the 
frequency dependence of normal-state attenuation in 
the theory of Pippard [see Eq. (4)]. As a test of Eq. 
(26), aft/ant is plotted versus g(ql) in Fig. 5. The error 
bars are based on the estimate of David et al. that an 
error of about 5% was incurred in independent deter
minations of attenuation. (The solid circles were ob
tained after smoothing of the normal-state attenuation 
to the Pippard theory in Fig. 4.) I t is seen that the func
tion represented in Fig. 5 is of linear form, as required, 
and there is obtained a positive intercept on the ordi
nate, which would appear to give evidence for a shear-
deformation term. However, the data would suggest 
that as ql goes to zero aR/ant becomes greater than 1, 
which is of course impossible by definition. Note, how
ever, that primary data were determined in terms of 
frequency and not ql; the ql scale was inferred by David 
et al. essentially by a slide fit technique, from which it 
was determined that ql= 1 at 2.2 Mc/sec. This cor
responded to a derived electron mean free path / of 
0.024 cm. Clearly, an error in this procedure can result 
in ^/-scale error, which corresponds to error in the de
termination of electron mean free path. We examine the 
case ql'=0.70 ql. The scale change, represented by the 
factor 0.70, corresponds to the assumption of a new 
mean free path I', where /' = 0.017 cm. An effective 
electron mean free path of 0.017 cm is no less reasonable 
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FIG. 4. Normal-state 
shear-wave attenuation 
versus frequency [after 
David et al. (Ref. 2)]. 

25 MHz 

than one of 0.024 cm since the acoustic experiments are 
incapable of choosing between them; and the scale 
shift corresponding to the factor 0.70 is not incon
sistent with the indicated error associated with de
terminations of attenuation. 

In Fig. 6 cLR/ant is plotted versus g(ql'). The data are 
still satisfied by a straight line, but now, in addition, 
the required normalization condition is met, viz., 
aR/a-nt—^ when g/=0. In accordance with Eq. (26) the 
curve satisfies a linear form and has a positive inter
cept on the ordinate. Equation (26) is seen to describe 
the data represented in Fig. 3 reasonably well. The 
reasonable success of the approximations embodied in 
Eq. (26) may be attributed to the fact that the alumi

num Fermi surface does not deviate greatly from a 
free-electron sphere. Thus, the shear deformation term 
is small and the collision drag effect is approximated by 
a function of the form g(ql). 

A shear-deformation contribution of about 10% is 
suggested since d^O.01. However, the uncertainties re
garding the ql scale in Figs. 5 and 6 make it clear that 
the inferred value of the deformation term cannot be 
regarded as very accurate. In any case, to determine the 
magnitude of the deformation term it is far better to 
follow another procedure, which is applicable to real 
Fermi surfaces and does not rest on the approximations 
inherent in Eq. (26): As seen from Eqs. (22) and (25), 

FIG. 5. aR/ant versus g(ql). The experimental points are computed 
from data reported by David et al. on aluminum. 

3 .4 .5 .6 
glq/'J 

FIG. 6. aR/ant versus g(qV). The experimental points refer to 
data of David et al. on aluminum. A modified mean free path /' 
is used in this representation. 
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\ / 

FIG. 7. The Fermi surface for aluminum in the extended-zone 
scheme. Shown is the intersection of the Fermi surface with a 
central (110) plane. The dashed lines represent Bragg-reflection 
planes (after Harrison). 

the deformation contribution is given by the ratio 
an lam in the limit a5>\. 

Transition metals. The absence of a region I (see 
Fig. 1) in experiments on transition metals can be un
derstood in terms of the proposed model. In the case of 
the shear-wave measurements of superconducting atten
uation in transition metals by Levy, Kagiwada, and 
Rudnick16 and by Dobbs (private communication) 
ql< 1 in all cases. For ql< 1, g^ 1 and it is seen from the 
free-electron prediction [Eq. (2)] that OLR~ant. In 
terms of an equivalent argument Levy attributed the 
absence of region I in his transition metal data to the 
condition ql< 1. The present model, which is applicable 
to real Fermi surfaces, also satisfies these observations. 
In the theory of Pippard for the normal-state attenua
tion, it is shown that the second term of Eq. (9) be
comes negligible for a<<Cl. In the case a<<Cl, therefore, 
we may write 

fiq2 r 
<*nt = ®2ldS, (28) 

4cTTSMVs J 

and, recalling Eq. (16), it is seen that a # / a w ^ l . We 
find, then, that in the present treatment both the ideal 
free-electron reduction of aR/ant, viz., Eq. (19), and the 
general case of real Fermi surfaces predict CLR/CLM when 
?Z«1. 

Gallium. The apparently anomalous results in gallium 
obtained by Hart and Roberts17 cannot be understood in 
terms of the free-electron model. Even the present 
generalization is probably inadequate to treat the ex
perimental results for the case of gallium in detail. 
As has been pointed out, it was found for most orienta
tions of the acoustic wave relative to the lattice that 
aR^ctnt, i.e., the rapid-fall and residual attenuation re
gions were of comparable magnitude; and there was 
found no frequency dependence of the relative magni

tudes of regions I and II despite the fact that the fre
quencies ranged from 10 to approximately 3Q0 Mc/sec. 
Yet, for all frequencies and orientations, ql> 100. 

Now the free-electron prediction, Eq. (2), would sug
gest aR/ant~0 for such large ql values. In the present 
model, however, in the range of large ql values it is 
seen from Eqs. (22), (24), and (25) that ac/ant goes to 
zero, while aD/ant becomes independent of ql and is 
given by 

---= <hRKxy
2d+/\ <f>RKxyH^+--

X [ / 3D tan<£ oosyj/dS 1 / (p R cos2\j/d\p • (29) 

This constant term thus accounts for the presence of a 
residual attenuation even at very large ql values. As in 
the case of tin, the shear deformation contribution is 
quite large, ajy!ant being typically 0.4 or greater for 
most propagation orientations. As in tin, the Fermi 
surface of gallium is very complex, the proliferation of 
nearly-free-electron reduced-zone sections being even 
greater than for the former metal. There remains to be 
explained the absence of a rapid-fall region for one 
specific acoustic wave orientation, and the appearance 
of anomalies in the "shape" of the rapid-fall region.17 

Sources of shear deformation. I t was noted earlier that 
effective zones which lie on planes of reflection sym
metry of the Fermi surface cannot contribute19 to the 
shear-deformation attenuation, and that those which do 
not have such symmetry may often be found near re
gions of intersection with Brillouin zone boundaries. I t 
is perhaps useful to illustrate these conditions for the 
aluminum data treated earlier. The data represented in 
Fig. 3 correspond to propagation of the acoustic wave 
along [110] and polarization along the [100] crystalline 
axis. The relevant section of the unfolded Fermi sur
face, shown in Fig. 7, is that cut by a central (110) 
plane. The propagation vector q can be viewed as either 
directed into the paper at point V or along TK; sections 
corresponding to rotation by 90° about TX are equiva
lent. Let us for the moment regard q as being along 
TK, so that the effective zones are viewed in cross sec
tion. The effective zones may be readily identified as 
the closed paths on the surface which are essentially 
tangent to q. The zone labeled 6 (on the central section) 
gives no shear-deformation contribution due to reflec
tion symmetry. However this is not the case for the 
noncentral effective zones, and their contribution can be 
large since they lie near intersections with Brillouin zone 
boundaries. The points £ identify a portion of such an 
effective zone, which portion can be seen, by means of a 
rotation by 90° about TX, to correspond to the seg
ments £-£ at the top and bottom of the figure. The re
mainder of the closed path, not easily visualized from 
Fig. 7, can be traced with the aid of the corresponding 
three-dimensional reduced-zone surface. 
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This example serves to illustrate the nature of the 
selectivity available in the superconducting shear-
deformation interaction. I t has been shown that in the 
superconducting state, when gte>l, the shear-wave 
attenuation by electrons can be attributed entirely to 
shear-deformation interaction confined to effective zones, 
and that the measured attenuation bears a simple rela
tion to the shear-deformation parameter [see Eq. (22)]. 
At the same time, it is to be recalled that, unlike the in
teraction involving longitudinal phonons, not all effec
tive zones contribute to the deformation interaction of 
electrons with transverse phonons; a symmetry condi
tion excludes zones coinciding with planes of mirror 
symmetry of the Fermi surface. I t is, therefore, con
cluded that it is possible in principle to identify shear-
wave attenuation measured in the superconducting 
state with a select and identifiable (in the case of simple 
Fermi surface) group of electrons. We are preparing in 
indium to make shear-wave measurements suggested by 
some of the foregoing considerations. 

The temperature dependence of the shear-wave residual 
attenuation. The BCS prediction give by Eq. (1) applies 
to longitudinal acoustic-wave absorption for the case 
ql2>l, and is found to follow when the normal-state 
electron-phonon scattering is of the form 

Ctnl^ (b RDxx
2d\f/ , 

where the integral is taken about effective zones. I t has 
been noted by Pippard19 that the transverse-wave ab
sorption ant does not reduce to such a simple form, even 
in the case qly>l [see Eq. (25)], and that as a conse
quence transfer of the BCS argument to this transverse 
wave interaction must be applied with caution. 

However, in experiments on a number of supercon-
ductors1,2 '4 '12 '16 it has been found that the residual shear-
wave attenuation ratio ar(Ti)/ant (recall Fig. 1) satis
fies Eq. (1) rather well; the BCS relation has been found 
to be quite as successful in fitting (residual) shear-wave 
data as that for longitudinal waves. This may perhaps 
be understood in light of the discussion in Sec. III .B 
concerning electromagnetic interaction. I t was seen 
that the electromagnetic interaction is effectively shut 
off below temperature TR (see Fig. 1), thus causing the 
second term in Eq. (25) to disappear. I t has also been 
noted that for ql^>l the collision-drag effect, which in
volves virtually the entire Fermi surface, does not con
tribute, so that the presence of a residual attenuation 
must be attributed entirely to shear-deformation 
interaction. 

When </££>l, the effective form of ant immediately 
below Tc, then, is simply [recall Eq. (22)] 

fiq r 
ant~aD(Tc)^=——•— (h RK,cyhty, 

4TT2MV8 J 

which is a form identical to that corresponding to (xni. 

Thus, it is possible to account for the applicability of 
Eq. (1) both to asi/ani and aT/ant, for the case ql^>l. 
In other words, the form of the shear-deformation con
tribution to the residual attenuation indicates the 
applicability of the BCS relation to the case of the su
perconducting transverse wave residual attenuation 
when qlS>l. 

CONCLUSIONS 

Collision drag and shear deformation must be de
scribed simultaneously in order to account for the 
general features of observed electronic attenuation of 
transverse acoustic waves in the superconducting state. 
An analysis which takes explicit account of the shear-
deformation effect has been performed in order to pro
vide a quantitative application of this idea to experi
mental data. A model which introduces both inter
actions explicitly and provides a description of the 
residual shear-wave attenuation at Tc is obtained by 
turning off electromagnetic interaction within the Pip
pard formalism describing the normal state. In applica
tion of the analysis to given data on aluminum, the 
shear-deformation effect is found to account for 
roughly 10% of the total electronic interaction at low 
temperatures. 

I t is found for "real" Fermi surfaces, viz., Fermi sur
faces for which there is a shear-deformation contribu
tion, that the residual attenuation ratio, aR/an, has the 
following properties: 

(1) The ratio goes to 1 for ql<£\. 
(2) As ql increases, the collision-drag contribution 

diminishes and the ratio aR/an reduces in magnitude; 
in the limit #£2>1, the ratio approaches a constant value 
(XD/an> the shear-deformation contribution. 

(3) If the free-electron limit is taken, it is found that 
the ratio a#/a„ reduces to g, in agreement with the 
free-electron result of Morse and Claiborne. At the next 
level of approximation suggested by the present model, 
the aluminum data of David, van der Laan, and Poulis 
are found to be reasonably well satisfied. 

The deformation contribution is seen to take a rela
tively simple form [recall Eq. (22)] in the supercon
ducting state when qlS>\. I t is thus suggested that the 
shear-deformation properties of the Fermi surface may 
be studied experimentally by measuring electronic 
attenuation of transverse acoustic waves in the super
conducting state. In the normal-state electromagnetic 
interaction must also be considered, and the connection 
between attenuation data and the shear-deformation 
parameter is much more indirect [recall Eq. (25)]. I t is 
also to be noted that the form of Eq. (22) makes it pos
sible to understand—at least for the case ql^>l—the suc-
success of the BCS relation, Eq. (1), in satisfying shear-
wave data in the residual attenuation region. 

Some of the foregoing considerations have motivated 
an experimental study in which we hope to investigate 
shear-deformation properties of Fermi surfaces, 
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APPENDIX I 

The integrals may be reduced to simple standard 
forms by means of the substitution &=cos<p. Thus the 
first integral in Eq. (18) becomes 

— / u2du ( H — J 
a2 Jx a2\ a2) 

r1 l / i \ r1 du 
x ^+- ( -+1) / , 

A aAa2 Jh l+a2u2 

and the second integral in Eq. (18) reduces to 

1 r1 I 1\ r1 du 
- / du-[l+-) / . 

B O W I T Z 

Since 
r~l du 2 
I — — — arctana, 

Jx l+a2u2 a 

(—) = I l+a2\ f—flH—Vl— arctana) 1 / 
\antJ I lLa2\ a2/\ a ) 3a2 M 

[<'-^)G«—)~]}p-
In terms of the parameter g, where [recalling Eq. (3)] g 
is given by 

g= (3/2/a2l((a2+1)/a) arc tana-1] , 

the residual attenuation ratio is 

(aR/ant)'= [ l + ( l - g ) / g ] - S 
or 

(aR/anty = g7 (19) 

in agreement with Eq. (2). 


